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ORDER THREE NORMALIZERS OF 2-GROUPS
SPENCER GERHARDT
This paper examines order three elements of finite groups which normalize
no nontrivial 2-subgroup. The motivation for finding such elements arises
out of a problem in modular representation theory. The question of when
these elements appear in the almost simple groups was posed by G. Robin-
son in the context of studying 2-blocks of defect zero. For the almost simple
groups, a complete classification of order three elements with this property
is determined. On the basis of this result, necessary conditions are then
given for the existence of such elements in a large class of finite groups.
1. Introduction
Problem 19 on Brauer’s [2] well-known list of questions in group representation
theory asks to describe the number of blocks of defect zero of a finite group G
in terms of group-theoretic invariants. Robinson [9] provides a solution to this
question, however in many cases the proposed invariants are difficult to determine.
More recently, a lower bounds on 2-blocks of defect zero was obtained in terms of
a separate group-theoretic property. In [10], it is shown that the number of 2-blocks
of defect zero of a finite group G is at least as great as the number of conjugacy
classes of elements of order three which normalize no nontrivial 2-subgroup of G.
It is not difficult to construct groups containing order three elements with this
property. For instance if x ∈ G is order three, and U is a maximal x-invariant
2-subgroup of G, then xU will normalize no nontrivial 2-subgroup of NG(U)/U ,
and hence NG(U)/U will have a 2-block of defect zero. However, it is less clear
when such elements might arise in familiar contexts. In order to better understand
this situation, Robinson asks which almost simple groups contain elements of order
three normalizing no nontrivial 2-subgroup. The small list of examples is described
below.
Theorem 1. Let G be a finite almost simple group, and x ∈ G be an element of
order three. Then x normalizes a nontrivial 2-subgroup of G, unless G and x occur
in the following list
(i) PSL2(2
a), a odd, x in the unique class of order three elements;
(ii) PGL3(2
a), a even, x in an irreducible torus;
(iii) PGU3(2
a), a odd, x in an irreducible torus;
(iv) 2G2(q
2), q2 = 32f+1, x in the class (A˜1)3.
Making use of Theorem 1, it is possible to determine necessary conditions for the
existence of order three elements with the stated property in a large class of finite
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groups. Let Op(G) be the largest normal p-subgroup of G. Recall that a component
L of G is a quasisimple subnormal subgroup. The following general restriction is
established in the final section.
Theorem 2. Assume G is a finite group with components L1, ..., Ln. Furthermore,
assume that O3(G) = 1. Let x ∈ G be an order three element normalizing no
nontrivial 2-subgroup of G. Then
(i) if N is any normal subgroup of G with order prime to three, then N has order
prime to six;
(ii) x normalizes every component Li of G;
(iii) The image of 〈Li, x〉 in Aut(Li) appears on the list of exceptions in Theorem
1, for every component Li of G.
Much of the work in proving Theorem 1 goes into determining which order three
elements x ∈ G normalize a group of order two. This is equivalent to asking whether
x centralizes an involution in G. Theorem 3 classifies the order three elements of
almost simple groups which centralize no involution. Note if G is a finite classical
group in characteristic p = 3, and S is the corresponding simple group, then Z(G)
has order prime to three. Hence any order three element x ∈ S can be lifted to a
unipotent element of order three xˆ ∈ G.
Theorem 3. Assume G = 〈S, x〉 is a finite almost simple group, with x ∈ G an
element of order three. Then x centralizes an involution in G, unless G and x occur
in Table 1.
Table 1.
G x
PSL2(2
a), a ≥ 1 in the unique class of order three elements
PSL2(q), q ≡ 5 (mod 12) in the unique class of order three elements
PSL2(q), q ≡ 7 (mod 12) in the unique class of order three elements
PSL3(2
a), a ≥ 1 in a split torus for a even;
in a partially split torus for a odd
PSU3(2
a), a ≥ 1 in a split torus for a odd;
in a partially split torus for a even
PGL3(q), q ≡ 1 (mod 3) in an irreducible torus
PGU3(q), q ≡ −1 (mod 3) in an irreducible torus
PSL2(3
a), a ≥ 1 xˆ has Jordan form J2
PSL3(3
a), a ≥ 1 xˆ has Jordan form J3
PSU3(3
a), a ≥ 1 xˆ has Jordan form J3
PSL4(3
a), a odd xˆ has Jordan form J3 ⊕ J1
PSU4(3
a), a ≥ 1 xˆ has Jordan form J3 ⊕ J1
Alt5 in class (1 2 3)
Alt6 in class (1 2 3), or (1 2 3)(4 5 6)
Alt7 in class (1 2 3)(4 5 6)
Altn, n = 9, 10, in class (1 2 3)(4 5 6)(7 8 9)
the Janko group J3 in class 3B from the J3 table in [3]
G2(q), q = 3
f in class (A˜1)3 from Table 22.2.6 of [6]
2G2(q
2), q2 = 32f+1 in class (A˜1)3 from Table 22.2.7 of [6]
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Let us briefly describe the order in which the main theorems are proved. The
paper begins with a short section on centralizers of order three elements in the
alternating and sporadic groups. The next and most lengthy section determines
all odd order centralizers of order three elements in the finite simple groups of Lie
type. Results in this section are proved by working in the relevant algebraic groups,
and reducing to the finite simple group case. The arguments differ substantially
in characteristics p = 3, and p 6= 3. Next, there is a section considering outer
automorphisms of order three. Taken together, these first three sections establish
Theorem 3. In the final section, Theorem 1 is proved by checking whether the list
of exceptions found in Table 1 of Theorem 3 normalize some larger 2-subgroup.
Theorem 1 is then used in order to establish Theorem 2.
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2. Alternating and Sporadic Groups
In this brief section we determine all order three elements with odd order cen-
tralizers in the alternating and sporadic groups. The following observation restricts
our search for order three elements in Altn that centralize no involution.
Lemma 1. Assume x ∈ Altn is order three. Then x centralizes an involution for
n > 12.
Proof. If x has at least four fixed points, then x will centralize a product of two
disjoint 2-cycles, and hence an involution in Altn. Next, an element of the form
(123)(456)(789)(10 11 12) is centralized by the involution (14)(25)(36)(7 10)(8 11)(9 12).
Hence any order three element containing four or more three cycles will centralize
an involution. For n > 12, all elements of order three in Altn contain either four
fixed points or four disjoint three cycles. 
By an easy inspection, we are led to the following.
Lemma 2. Let S = Altn and assume x ∈ S is order three. Then CS(x) is even
order, unless n = 5, 6, 7, 9 or 10.
The ATLAS [3] lists the centralizer orders of order three elements in the sporadic
groups. This yields the following conclusion.
Lemma 3. Assume S is a sporadic group, and x ∈ S is order three. Then CS(x)
is even order, unless S = J3 and x is in the conjugacy class 3B.
3. Groups of Lie Type
In this section we determine the order three elements with odd order centralizers
in the finite simple groups of Lie type. As noted earlier, the arguments make
frequent use of the relevant algebraic groups. Unless otherwise stated, let X be a
simple algebraic group of simply connected type, XF = G be the fixed points of a
Steinberg endomorphism F : X → X , and S = G/Z(G). Then S is a finite simple
group, unless G appears in the following list (see [8], Theorem 24.17):
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SL2(2), SL2(3), SU3(2), Sz(2), Sp4(2), G2(2),
2G2(3) or
2F4(2)
In the first four cases listed above, the group G is solvable. These cases are not
relevant to Theorem 3. In the latter four cases, G/Z(G) is not simple but the derived
subgroup G′ is. As Sp4(2)
′ ∼= Alt6, G2(2)
′ ∼= PSU3(3) and
2G2(3)
′ ∼= PSL2(8),
these groups are considered elsewhere. From the ATLAS [3], we find 2F4(2)
′ has
a unique class of order three elements, and elements in this class have even order
centralizers. Hence in what follows it suffices to limit our attention to cases where
S = G/Z(G) is simple.
Using some representation, view G as a matrix group over the field k = Fq, where
q = pn, and p is the underlying characteristic of G. Recall x ∈ G is semisimple if it
is diagonalizable over the algebraic closure of k, unipotent if all its eigenvalues are
1, and regular if the dimension of its centralizer in X is as small as possible. Note
when x ∈ G is order three and p = 3, (x − I)3 = x3 − I = 0, with I the identity
matrix. So x is unipotent. Similarly when p 6= 3, 3 | q2 − 1, so an order three
element is diagonalizable over Fq2 , and hence semisimple. It will be convenient to
treat these two cases separately.
Next, let π : G→ G/Z(G) be the natural projection map, and xˆ be an element
in the preimage of x ∈ G/Z(G). We will say x ∈ S is semisimple, unipotent, or
regular, if some element xˆ ∈ G is. The following lemma shows that the question
of whether an order three element x ∈ S centralizes an involution can be lifted to
the question of whether an odd order element xˆ ∈ G commutes with a non-central
2-power element.
Lemma 4. Let G be a finite group, x ∈ G be an element of odd order, and w be
a 2-power element of G. Then x commutes with w modulo Z(G) if and only if x
commutes with w in G.
Proof. Assume x ∈ G has odd order r, and w ∈ G has order s = 2k, for some
k ≥ 1. If [w, x] ∈ Z(G), then [w, xr ] = [w, x]r = 1, and [ws, x] = [w, x]s = 1. Since
r and s are relatively prime, this implies [w, x] = 1, and w ∈ CG(x). Conversely, if
w ∈ CG(x), then [w, x] = 1 ∈ Z(G). 
In particular, when Z(G) has order prime to three, showing S contains no order
three elements with odd order centralizers is equivalent to showing all order three
elements in G commute with a non-central 2-power element. This fact will be useful
in treating the unipotent classes below.
3.1. Semisimple Classes. Assume S is a finite simple group of Lie type in char-
acteristic p 6= 3, and x ∈ S is an element of order three. The following lemma
shows CS(x) is even order, except in a few small rank cases.
Lemma 5. Let X be a simply connected simple algebraic group, XF = G be the
fixed points of a Steinberg endomorphism F : X → X, and S = G/Z(G) be a finite
simple group. If x ∈ S is semisimple but not regular semisimple, then CS(x) is
even order.
Proof. Consider xˆ ∈ XF . Since X is simply connected and xˆ is semisimple but not
regular semisimple, CX(xˆ) is a connected, reductive algebraic group strictly con-
taining a torus (see [5], Sections 2.2 and 2.11). Hence CX(xˆ) contains a semisimple
algebraic subgroup Y . The Weyl group of Y F contains elements of even order,
which ensures CS(x) contains an involution. 
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Note Lemma 5 holds more generally in cases where G/Z(G) is not solvable,
but G′/Z(G′) is simple. In this situation, if xˆ ∈ G is semisimple but not regular
semisimple, CX(xˆ) contains a semisimple algebraic subgroup Y and the Weyl group
of Y F contains a Sylow 2-subgroup whose order does not divide [G : G′]. Again
CG′/Z(G′)(x) has even order.
Corollary 1. Let S = G/Z(G) be a finite simple group, with X and XF = G as
above. Assume x ∈ S is a semisimple order three element. Then CS(x) is even
order, unless S = PSL2(q), PSL3(q) or PSU3(q).
Proof. To begin, assume X = SLn(k) or Spn(k), and V is the natural module for
X . If x ∈ S is semisimple of order three, then xˆ ∈ G has at most three distinct
eigenvalues on V . As regular semisimple elements inX have no repeated eigenvalues
on the natural module, X contains no regular semisimple order three elements for
n ≥ 4.
Next let X = Spinn(k), Y = SOn(k), and ρ : X → Y be the standard covering
map (so that ρ is a double cover in characteristic p 6= 2). Note if y ∈ Y is not regular,
then any preimage yˆ ∈ X will share this property. Let Y F = H be the fixed points
of a Steinberg endomorphism F : Y → Y , and R = H ′/Z(H ′) be the corresponding
finite simple group. A regular semisimple element in Y has no repeated eigenvalues
on the natural module other than ±1, and at most one eigenspace of dimension two
corresponding to an eigenvalue ±1. Hence X and Y contain no regular semisimple
elements of order three for n ≥ 5. In addition, Spin4(k) is not a simple algebraic
group (Spin4(k)/Z(Spin4(k)) ∼= PSL2(k) × PSL2(k)), and Spin3(k) ∼= Sp2(k) ∼=
SL2(k).
Hence if X is a simple classical algebraic group of simply connected type and x ∈
S is a regular semisimple element of order three, then X = SL3(k) or X = SL2(k),
and S = PSL2(q), PSL3(q) or PSU3(q). From Lu¨beck [7], there are no regular
semisimple elements of order three in the simply connected exceptional algebraic
groups. The conclusion follows by applying Lemma 5. 
We may now classify the semisimple elements of order three with odd order
centralizers.
Theorem 4. Let X be a simply connected simple algebraic group, XF = G be the
fixed points of a Steinberg endomorphism F : X → X, and S = G/Z(G) be a finite
simple group. Assume x ∈ S is a semisimple order three element. Then CS(x) is
even order, unless S and x occur in the following list.
(i) PSL3(2
a), a ≥ 1, x in a split torus for a even; x in a partially split torus for
a odd
(ii) PSU3(2
a), a ≥ 1, x in a split torus for a odd; x in a partially split torus for
a even
(iii) PSL2(2
a), a ≥ 1, x in a split torus for a even; x in an irreducible torus for
a odd
(iv) PSL2(q), q ≡ 7 (mod 12), x in a split torus
(v) PSL2(q) q ≡ 5 (mod 12), x in an irreducible torus
Proof. Applying Lemma 5 and Corollary 1, any order three element x ∈ S will
centralize an involution unless (a) S = PSL2(q), PSL3(q) or PSU3(q), and (b)
x is regular semisimple. So assume x, S satisfy conditions (a) and (b). Since X
is a simply connected algebraic group, xˆ will live in some maximal torus Q, with
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CX(xˆ)
F = Q (see [5], Section 2.11). Let T = QF /Z(XF ) be the corresponding
maximal torus in S. Then CS(x) is odd order if and only if T is. Hence to classify
semisimple order three elements with odd order centralizers, it suffices to find all
odd order tori in PSL2(q), PSL3(q) or PSU3(q) containing regular semisimple
elements of order three.
To begin, assume S = PSL3(q). Up to conjugacy, S has three maximal tori;
split, partially split, and irreducible. Call these tori T1, T2 and T3.
A split torus T1 has order
(q−1)2
(3,q−1) , and hence is odd order if and only if q is
even. Furthermore, T1 contains elements of order three if and only if q ≡ 1 (mod
3). So assume q ≡ 1 (mod 3) is even, and α ∈ F×q has order three. Then some
xˆ ∈ XF has eigenvalues 1, α, α2 on the natural module, and hence T1 contains
regular semisimple elements of order three. It follows that S = PSL3(2
a), a even,
contains elements of order three centralizing no involution.
A partially split torus T2 has order
q2−1
(3,q−1) , and so is odd order only if q is even.
First assume q is even, and q ≡ −1 (mod 3). Let α be an element of order three
in F×q2/F
×
q . Some xˆ ∈ X
F is diagonalizable in SL3(q
2) with eigenvalues 1, α, α2 on
the natural module. In this case, T2 contains regular semisimple elements of order
three. On the other hand, when q ≡ 1 (mod 3), T2 contains no regular elements of
order three. So S = PSL3(2
a), a odd, contains elements of order three centralizing
no involution.
An irreducible torus T3 has order
q2+q+1
(3,q−1) . If q ≡ −1 (mod 3), then 3 ∤ q
2+ q+1.
If q ≡ 1 (mod 3), then 3 | q2 + q + 1, but 9 ∤ q
2+q+1
(3,q−1) . So T3 contains no elements of
order three.
Next consider S = PSU3(q). The three maximal tori in S have orders
(q+1)2
(3,q+1) ,
q2−1
(3,q+1) , and
q2−q+1
(3,q+1) . Repeating the arguments given above yields that CS(x) is
even order, unless S = PSU3(2
a). When a is odd, there are elements of order three
in a split torus, and when a is even, there are elements of order three in a partially
split torus.
Finally, consider S = PSL2(q). S contains two types of tori, split and irreducible,
of orders q−1(2,q−1) and
q+1
(2,q−1) . First assume q is even. Then both tori have odd order
and there are regular semisimple elements of order three in a split torus when q ≡ 1
(mod 3), and regular semisimple elements of order three in an irreducible torus
when q ≡ −1 (mod 3). So PSL2(2
a), a ≥ 1, yields additional classes of exceptions.
Next assume q is odd. There are regular semisimple elements of order three in a
split torus when q ≡ 7 (mod 12), and in an irreducible torus when q ≡ 5 (mod 12).
Furthermore in both cases these tori have odd order. This yields two final classes
of exceptions. 
3.2. Unipotent Classes. Now let X be a simply-connected simple algebraic group
in characteristic p = 3, with XF = G and S = G/Z(G) as above. In this situation
Z(G) has order prime to three, and every order three element x ∈ S can be lifted
to a unipotent element of order three xˆ ∈ G. Hence by Lemma 4 to show every
order three element in S centralizes an involution, it suffices to show all order three
elements in G commute with a non-central 2-power element.
For X = Spinn(k) it will be convenient to switch from the simply-connected
algebraic group to the isogeny type X = SOn(k). Letting X
F = G be as above, we
have that G/Z(G) is not simple, but S = G′/Z(G′) is. In this situation, to show
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every order three element x ∈ S centralizes an involution, it suffices to show all
order three elements in G commute with a non-central 2-power element of spinor
norm 1.
Assume x ∈ G is unipotent of order three. We show CG(x) contains a 2-power
element with the desired properties, except in a few small rank cases. For the
classical groups, the relevant criterion is whether x has a repeated Jordan block.
The following theorem will be used on several occasions.
Theorem 5. Assume X= GLn(k), Spn(k), or On(k) with k an algebraically closed
field of characteristic p 6= 2. Assume x ∈ X is a unipotent element with Jordan
form ⊕iJ
ri
i .
(i) If X = Spn, then ri is even for each odd i; and if X = On then ri is even for
each even i.
(ii) Let CX(x) = UR, with U the unipotent radical Ru(CX(x)), and R the reductive
part of the group. Then,
R =
∏
GLri , if X = GLn.
R =
∏
i odd Spri ×
∏
i even Ori , if X = Spn.
R =
∏
i odd Ori ×
∏
i even Spri , if X = On.
Proof. See Theorem 3.1 from [6]. 
Lemma 6. Assume X = SLn(k), Spn(k), or SOn(k) is a simple algebraic group,
and x ∈ X is a unipotent order three element with a repeated Jordan block. Then
CX(x) contains a simple algebraic subgroup, unless X = Sp4(k), SO7(k), or SO8(k).
Proof. Applying Theorem 5, if X = SLn(k) and x ∈ X has a repeated Jordan
block, then CX(x) contains a copy of SL2(k).
For X = Spn(k), odd sized blocks come in pairs, and any odd pair ensures
the existence of Sp2(k) ∼= SL2(k) in CX(x). So we may assume x ∈ X contains
only even sized Jordan blocks. Since x has order three, this further implies that
x contains only Jordan blocks of size two. If x contains three blocks of size two,
then CX(x) contains a copy of O3(k) ∼= PGL2(k). The only remaining case is
X = Sp4(k), x = J2 ⊕ J2, where CX(x)/Ru(CX(x)) ∼= O2(k) is solvable.
If x ∈ SOn(k) has a repeated Jordan block of size two, or three repeated blocks
of size one or three, then CX(x) contains a copy of SL2(k). As even blocks come
in pairs, we may assume that only odd blocks occur. Since SO2(k) is not simple,
and Spin6(k) ∼= SL4(k), the only remaining cases to check are X = SO7(k), x =
J3 ⊕ J3 ⊕ J1, and X = SO8(k), x = J3 ⊕ J3 ⊕ J1 ⊕ J1. In these situations,
CX(x)/Ru(CX(x)) is solvable. 
Lemma 7. Let X = SLn(k), Spn(k), or SOn(k) be a simple algebraic group, with
XF = G as above. Assume x ∈ G is unipotent of order three. If x contains a
repeated Jordan block, then x commutes with a non-central 2-power element in G.
Furthermore, if X = SOn(k) we may assume this non-central 2-power element has
spinor norm 1.
Proof. Assume x ∈ G has a repeated Jordan block, and CX(x) contains a simple
algebraic subgroup Y . In characteristic p = 3, for any such Y ⊂ CX(x) the order
of Y F ⊂ CG(x) is divisible by eight. Since |G|/|S| ≤ 4, CG(x) must contain a non-
central 2-power element (of spinor norm 1, if X = SOn(k)). It then follows from
Lemma 6 that the only cases requiring attention are: X = Sp4(k), x = J2 ⊕ J2;
X = SO7(k), x = J3 ⊕ J3 ⊕ J1; and X = SO8(k), x = J3 ⊕ J3 ⊕ J1 ⊕ J1.
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Let X = Sp4(k) and x = J2⊕J2. Table 8.1a of [6] lists the orders of centralizers
of unipotent classes inG = Sp4(q). For J2⊕J2 there are two classes, with centralizer
orders 2q3(q ± 1). Since Z(G) has order two, and four divides the order of CG(x),
x commutes with a non-central 2-power element.
Next assume X = SO7(k), x = J3 ⊕ J3 ⊕ J1. Table 8.4a of [6] says the SO7(q)
classes of x have centralizer orders 2q6(q ± 1). Since the centralizer order contains
a factor of four, and S has index two in SO7(q), x commutes with a non-central
2-power element of spinor norm 1. Finally, if X = SO8(k) and x = J3⊕J3⊕J1⊕J1,
Table 8.5a of [6] tells us the two SO+8 (q) classes of x have centralizers orders 2q
8(q±
1)2, and the two SO−8 (q) classes of x have centralizer orders 2q
8(q2 − 1). Again
since eight divides the order of the centralizer and |SO±8 (q)|/|S| ≤ 4, x commutes
with a non-central 2-power element of spinor norm 1. 
We are now in a position to determine the unipotent elements of order three
with odd order centralizers.
Theorem 6. Assume S is a finite simple group of Lie type in characteristic p = 3,
and x ∈ S has order three. Then CS(x) is even order, unless S and x occur in the
following list.
(i) PSL2(3
a), a ≥ 1, xˆ has Jordan form J2
(ii) PSL3(3
a), a ≥ 1, xˆ has Jordan form J3
(iii) PSU3(3
a), a ≥ 1, xˆ has Jordan form J3
(iv) PSU4(3
a), a ≥ 1, xˆ has Jordan form J3 ⊕ J1
(v) PSL4(3
a), a odd, xˆ has Jordan form J3 ⊕ J1
(vi) G2(q), q = 3
f , x in class (A˜1)
3
(vii) 2G2(q
2), q2 = 32f+1, x in class (A˜1)
3
Proof. First assume X is an exceptional algebraic group. Lu¨beck [7] shows in
characteristic p = 3, all classes of order three elements have Bala-Carter parameters
involving root systems of type A1, A˜1, A2, A˜2, orG2(a1). Tables 22.2.1- 22.2.7 in [6]
list the centralizer orders in XF of classes with such parameters. For X 6∼= G2(k),
all relevant centralizers have even order. For XF ∼= G2(q) and X
F = 2G2(q
2),
(A˜1)
3 is the only class of order three elements with an odd order centralizer.
Next assume X is a simple classical algebraic group SLn(k), Spn(k), or SOn(k).
Let S be the corresponding finite simple group, and assume x ∈ S has order three.
By lifting x ∈ S to a unipotent element of order three xˆ ∈ G and applying Lemma
7, we may assume xˆ contains no repeated Jordan blocks, and hence that n ≤ 6.
First let X = SLn(k). Note if S = PSLn(q) or PSUn(q), n > 2, and xˆ contains
a J2 block, then there exists a non-central involution diag[1, ...,−1,−1, ..., 1] in G
commuting with xˆ (this element occurs in SUn(q), since 3
a + 1 is even). Hence we
may further restrict to classes in SLn(q) and SUn(q) containing no Jordan blocks
of size two. This limits our search to n ≤ 4.
When n = 2 or 3, xˆmust have Jordan forms J2 or J3, respectively. In these cases,
the reductive part R of CG(xˆ) is contained in Z(G). Since the unipotent radical
has odd order, CS(x) will contain no involutions. Hence PSL2(3
a), PSL3(3
a),
PSU3(3
a), a ≥ 1, yield classes of exceptions.
When n = 4, xˆ must have Jordan form J3 ⊕ J1. In SL4(k), the reductive part
of the centralizer of xˆ will consist of diagonal matrices of the form diag[α, α, α, β],
where α3β = 1. Hence if y is an involution modulo the center and is contained in
CG(xˆ), we must have that y = diag[α, α, α, β], with α
2 = β2. Note that α3β = 1
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and α2 = β2 imply that α8 = 1. If α has order one, two, or four, the above
conditions further imply α = β, and y is the identity. Hence CS(x) will have odd
order, unless α has order eight.
When a is odd, F×3a contains no elements of order eight, so PSL4(3
a), a odd,
yields another class of exceptions. When a is even, F×3a does contain an element α
of order eight, and diag[α, α, α, α5] is a non-central involution commuting with xˆ.
Elements diag[α, α, α, β] in SU4(q) have the additional property that the orders
of α and β must divide q + 1. Since 8 ∤ q + 1, this implies that PSU4(3
a), a ≥ 1,
yields a further class of exceptions.
Next consider the symplectic groups X = Sp4(k) and Sp6(k). Theorem 5 says
J3 ⊕ J1 /∈ Sp4(k), and J3 ⊕ J2 ⊕ J1 /∈ Sp6(k). So elements of order three will
have repeated Jordan blocks, and hence centralize an involution. Finally, there are
exceptional isomorphisms allowing us to handle X = SOn(k), n ≤ 6, in terms of
the other classical groups. 
Applying Lemmas 2 and 3, Theorems 4 and 6, and the Classification of Finite
Simple Groups, we have determined the order three elements in the finite simple
groups which centralize no involution. To complete the proof of Theorem 3, it suf-
fices to find all order three elements in S < G ≤ Aut(S) with odd order centralizers.
4. Outer Automorphisms of Order Three
Lemma 8. Let G = Symn, with n ≥ 5. If x ∈ G is order three, then CG(x) has
even order.
Proof. If x ∈ G has two fixed points or two three cycles, it will centralize an
involution in G. For n ≥ 5, all order three elements have this property. 
Note for n ≥ 5, Symn is almost simple, and for n 6= 6, the outer automorphism
group of Altn is Symn. When n = 6, the automorphism group is slightly bigger,
however this case is handled elsewhere by the exceptional isomorphism Alt6 ∼=
PSL2(9).
Lemma 9. Let S < G ≤ Aut(S) be almost simple, with S a sporadic group.
Assume x ∈ G is order three. Then CG(x) has even order.
Proof. From [11] we find each order three element in G has an even order centralizer.

It only remains to check order three outer automorphisms in the groups of Lie
type. For this we must consider: (i) diagonal automorphisms, (ii) field automor-
phisms, (iii) graph automorphisms, and (iv) field-graph automorphisms. The fol-
lowing lemma shows the latter three cases contain no elements of order three with
odd order centralizers.
Lemma 10. Let S < G ≤ Aut(S) be an almost simple group, with S a simple
group of Lie type. Assume x ∈ G is an order three field, graph, or field-graph
automorphism. Then CG(x) has even order.
Proof. If S is a finite simple group of Lie type over the field Fpn , then the field
automorphism group of S is cyclic of order n. Hence there is an almost simple
group G = 〈S, x〉 containing an order three field automorphism x whenever three
divides n. However, field automorphisms fix the prime field, and hence an even
order subgroup Y ⊂ S. So CG(x) has even order.
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Order three graph and field-graph automorphisms occur only in D4(q) (see sec-
tion 4.7 of [4]). In characteristic p = 3, there are two conjugacy classes of graph
automorphisms in D4 (see Proposition 4.9.2 in [4]). The first has fixed point group
G2(q), and the second has a parabolic subgroup of G2(q) as its fixed point group.
Hence both are even order for all q. In characteristic p 6= 3, the two conjugacy
classes of graph automorphisms have fixed point groups G2(q) and A2(q) (see The-
orem 4.7.1 in [4]). These groups both contain involutions for all q. Similarly, up
to diagonal automorphism, there is a single class of order three graph-field auto-
morphisms in D4(q). The centralizer of an order three graph-field automorphism
is 3D4(q), which contains involutions for all q. 
Finally, consider the order three diagonal automorphisms.
Lemma 11. Let S < G ≤ Aut(S) be an almost simple group, with x ∈ G an order
three diagonal automorphism, and G = 〈S, x〉. Then CG(x) is even order, unless G
and x occur on the following list.
(i) PGL3(q), q ≡ 1 (mod 3), x in an irreducible torus
(ii) PGU3(q), q ≡ −1 (mod 3), x in an irreducible torus
Proof. The almost simple groups containing outer diagonal elements of order three
are E6(q)ad,
2E6(q)ad, PGLn(q) and PGUn(q), with n = 3k. From Lu¨beck [7], all
order three elements in E6(q)ad and
2E6(q)ad have even order centralizers.
So assume G = PGL3k(q). Since x ∈ G is order three, xˆ has at most three
eigenvalues on the natural module. Hence for k ≥ 2, PGL3k(q) contains no regular
elements of order three. However when x ∈ G is not regular, CG(x) contains a copy
of GL2(q), and so in particular is even order. It follows that we may restrict our
search to 〈S, x〉 = PGL3(q), with x a regular semisimple element of order three.
The outer diagonal elements of order three in PGL3(q) occur when q ≡ 1 (mod
3), and are contained in either a split or irreducible torus. Since x is regular
semisimple of order three, xˆ has three distinct eigenvalues 1, α, α2 on the natural
module, with α3 = 1. In particular, xˆ has determinant 1. It follows that if x is
contained in a split torus, then x ∈ S and hence is not an outer-diagonal element.
So we may assume x occurs in an irreducible torus T . Let α be an element of
order three in F×q . There is some xˆ ∈ GL3(q) such that xˆ
3 = diag[α, α, α], and xˆ has
three distinct eigenvalues on the natural module (corresponding to the cube roots
of α). In this case, x ∈ T is regular semisimple of order three, and CG(x) = 〈T,w〉
with w an element of order three. Since T has order q2 + q + 1, CG(x) has odd
order. It follows that PGL3(q), q ≡ 1 (mod 3), contains an outer-diagonal element
of order three centralizing no involution. Repeating this argument for PGU3k(q)
yields that PGU3(q), q ≡ −1 (mod 3), contains outer-diagonal elements of order
three with odd order centralizers. 
5. Proofs of the Main Theorems
Taken together, Sections 2 − 4 prove Theorem 3. Now recall the statement of
Theorem 1.
Theorem 1. Let G be a finite almost simple group, and x ∈ G be an element of
order three. Then x normalizes a nontrivial 2-subgroup of G, unless G and x occur
in the following list.
(i) PSL2(2
a), a odd, x in the unique class of order three elements;
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(ii) PGL3(2
a), a even, x in an irreducible torus;
(iii) PGU3(2
a), a odd, x in an irreducible torus;
(iv) 2G2(q
2), q2 = 32f+1, x in class (A˜1)
3.
To prove the theorem, it suffices to check whether the list of exceptional order
three elements found in Table 1 of Theorem 3 normalize some larger 2-group.
5.1. Alternating and Sporadic Groups. Recall for n = 5, 6, 7, 9, 10, Altn con-
tains order three elements which centralize no involution. However by an easy
inspection all such elements normalize a four group in Altn.
Next assume S = J3, and x is in the conjugacy class 3B. Note that Aut(S) ∼=
J3 : 2. By [11], CJ3:2(x) has even order, and there is a single class 2A of outer
involutions in J3 : 2. Furthermore for w ∈ 2A, CJ3:2(w) has order 4896.
Using the list of maximal subgroups of J3 : 2 provided in [3], we find that
PSL2(17)× 2 has order 4896, and that it is the unique maximal subgroup of J3 : 2
with order divisible by 4896. Hence CJ3:2(w)
∼= PSL2(17)× 2. It follows that x is
contained in a conjugate of PSL2(17). But PSL2(17) has a single conjugacy class
of order three elements, and has Alt4 as a subgroup, so x will normalize a four
group in J3.
5.2. Groups of Lie Type. To begin, let G = PSL2(2
a) ∼= SL2(2
a). A parabolic
subgroup Q of G is a Borel subgroup, and hence has order 2a(2a−1). Furthermore,
the unipotent radical U of Q is a Sylow-2 subgroup of G. Applying Borel-Tits (see
Theorem 26.5 in [8]), the normalizer of any 2-group in SL2(2
a) is contained in a
conjugate of Q. Since 3 | 2a(2a − 1) if and only if a is even, PSL2(2
a), a odd,
contains elements of order three normalizing no nontrivial 2-subgroup.
For PSL2(q), q odd, we may assume there is a single class of order three elements.
When p 6= 3, there is a single class, and when p = 3 there are two classes, but
they are conjugate by an outer automorphism, which preserves the property of
normalizing a 2-group. Dickson’s Theorem tells us PSL2(p) ⊂ PSL2(q) contains
Alt4 as a subgroup for all odd p, so the normalizer of a four group will contain an
element from the class of order three.
For G = PSL3(2
a) and PSU3(2
a), the split and partially split tori will be
contained in some proper parabolic subgroup Q of G. The unipotent radical U of
the relevant parabolic is a non-trivial 2-group, with NG(U) = Q. Hence all elements
of order three in these tori will normalize a 2-group.
Next assume G = PGL3(q), q ≡ 1 (mod 3), with x an element of order three in
an irreducible torus. First assume q is even. Then xˆ ∈ GL3(q) acts irreducibly on
three dimensional space, and hence lives inside no parabolic subgroup. Since the
normalizer of any 2-group in GL3(q) is contained in some parabolic, xˆ normalizes no
nontrivial 2-group in GL3(q). It follows that x normalizes no nontrivial 2-subgroup
in PGL3(2
a), a even. The same argument shows an element of order three in an
irreducible torus of PGU3(2
a), a odd, will normalize no nontrivial 2-group.
Now assume q is odd. The order of GL3(q) is q
3(q−1)3(q2+q+1)(q+1), and the
order of a split torus T in GL3(q) is (q− 1)
3. Note 3 | q2+ q+1, but 9 ∤ q2+ q+1.
It follows that NGL3(q)(T ) = T ⋊ Sym3 contains a Sylow-3 subgroup of GL3(q).
In particular, if K is a maximal elementary 2-subgroup of T , then NGL3(q)(K)
contains both T and an additional order three element permuting elements in K.
So NGL3(q)(K) contains a Sylow-3 subgroup of GL3(q). By viewing the images of
K and T in G, it follows that all order three elements in PGL3(q) will normalize
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a 2-subgroup. The same type of argument applies to elements of order three in
PGU3(q), q odd, q ≡ −1 (mod 3).
Next let G = PSL3(3
a), and xˆ = J3. Again, a split torus of SL3(3
a) contains
an elementary abelian 2-group K, with y =


0 0 1
1 0 0
0 1 0

 ∈ NSL3(3a)(K). Since y
has Jordan form J3, x will normalize a 2-group in G. Restricting to the subgroup
SL3(3
a) ⊂ PSL4(3
a) occurring on the J3 block, the same argument can be used to
show that x normalizes a 2-group of PSL4(3
a), when xˆ = J3 ⊕ J1. This argument
can also be repeated to show that x normalizes a nontrivial 2-group in PSU3(3
a)
and PSU4(3
a) in the relevant cases.
Now consider G = G2(q), q = 3
f , with x in the class (A˜1)
3. There is a subgroup
of type A1A1 in G (which is the centralizer of an involution). One of the factors is
generated by two short root subgroups and the other by two long root subgroups
(see [8], §13). The order three element x ∈ (A˜1)
3 is a diagonal product of a long
and short root element. Each A1 contains a copy of Alt4, so each long and short
root element will individually normalize a four groupK, and hence x will normalize
K ×K in Alt4 ×Alt4.
Finally consider G = 2G2(q
2). G has order q6(q6 +1)(q2 − 1), q2 = 32f+1, so its
Sylow-2 subgroups have order 8. One of its Sylow-2 subgroups P will be contained
in 2G2(3) ∼= PΓL2(8). Note that up to conjugacy, PΓL2(8) contains a single class
of involutions, and a single four group K. It follows that 2G2(q
2) will share this
property.
Let y be an element from the class of involutions in PΓL2(8). By Theorem 3,
NPΓL2(8)(〈y〉) has order prime to three. Furthermore, NPΓL2(8)(K) has order 2
3 ·3,
and NPΓL2(8)(P ) has order 2
3 · 3 · 7. So, up to conjugacy, there is a single class
of order three elements in the normalizer of any 2-group. However, there are two
classes of order three elements in G. So 2G2(q
2), x ∈ (A˜1)
3, yields a final class of
exceptions.
5.3. General Finite Groups. We have now classified all order three elements in
the almost simple groups which normalize no nontrivial 2-subgroup. This enables us
to prove the following general theorem concerning finite groups. Note when O3(G)
is nontrivial, it is quite messy to pin down necessary conditions for the existence of
order three elements normalizing no nontrivial 2-subgroup.
Theorem 2. Assume that G is a finite group with components L1, ..., Ln, and
O3(G) = 1. Let x ∈ G be an order three element normalizing no nontrivial 2-
subgroup of G. Then
(i) if N is any normal subgroup of G with order prime to three, then N has order
prime to six;
(ii) x normalizes every component Li of G;
(iii) The image of 〈Li, x〉 in Aut(Li) appears on the list of exceptions in Theorem
1, for every component Li of G.
Proof. In the following assume O3(G) = 1, and x ∈ G is an order three element
normalizing no nontrivial 2-subgroup.
(i) Assume N is a normal subgroup of G with order prime to three. Further-
more, assume six divides the order of N , and P is a Sylow-2 subgroup of N . Then
ORDER THREE NORMALIZERS OF 2-GROUPS 13
by the Frattini argument G = NNG(P ). Since N has order prime to 3, a conjugate
of x will normalize P . This contradicts our assumption that the class of x normal-
izes no nontrivial 2-group. So we may assume N has order prime to six.
(ii) Assume x ∈ G does not normalize some component Li of G, so that Li, L
x
i
and Lx
2
i are distinct commuting components. Let w be an involution in Li. Then
y = w · wx · wx
2
is an involution in G, and yx = xy.
(iii) Pick some component Li, where Li is a perfect central extension of the simple
group Si. Since x normalizes Li, 〈Li, x〉 ⊂ NG(Li). Furthermore, Aut(Li) can be
embedded in Aut(Si). So the image of 〈Li, x〉 in NG(Li)/CG(Li) ⊂ Aut(Li) →֒
Aut(Si) must appear on the list of exceptions to Theorem 1. 
Note while Theorem 2 gives necessary conditions for the existence order three
elements which normalize no nontrivial 2-group, it does not claim these conditions
to be sufficient. Unfortunately, no version of (i) − (iii) will yield such conditions.
For instance, if G = (Z5 × Z5) : Alt4, then G satisfies (i) − (iii), but the single
class of order three elements in G normalizes a four group. In some sense this
counterexample is generated by the occurrence of an order prime to six normal
subgroup in G. However, even under the stronger assumption that no such prime
to six normal subgroups appear, the conditions would still not be sufficient.
For instance, let x be in the single class of order three elements in G = PSL2(2
4).
Let H = G ≀ Sym2, where Sym2 acts by permuting the copies of PSL2(2
4).
Then y = (x, x) ∈ H is order three, y,H satisfy conditions (i) − (iii) above,
and H contains no order prime to six normal subgroups. However y centralizes
the involution swapping the two copies of PSL2(2
4). Hence there is no obvious
way to extend our characterization of order three elements in the almost simple
groups which normalize no non-trivial 2-subgroup to a complete description of such
elements in more general classes of finite groups, even under the assumption that
O3(G) = 1.
References
[1] A. Borel, Linear Algebraic Groups, W.A. Benjamin, Inc., New York, 1969.
[2] R. Brauer, Representations of Finite Groups, Lectures on Modern Mathematics, vol. I, Wiley,
New York, 1963, pp. 133-175.
[3] J. Conway, R, Curtis, S. Norton, R. Parker and R Wilson, ATLAS of Finite Groups: Maximal
Subgroups and Ordinary Characters for Simple Groups, Oxford University Press, Oxford,
1986.
[4] D. Gorenstein, R. Lyons, and R. Solomon, The Classification of the Finite Simple Groups,
Number 3, Mathematical Surveys and Monographs, Vol. 40, No. 3, American Mathematical
Society, Providence, R.I. 1998.
[5] J. Humphreys, Conjugacy Classes in Semisimple Algebraic Groups, Mathematical Surveys
and Monographs, Vol. 43 American Mathematical Society, Providence, R.I. 1995.
[6] M. Liebeck and G. Seitz, Unipotent and Nilpotent Classes in Simple Algebraic Groups and Lie
Algebras, Mathematical Surveys and Monographs, Vol. 180 American Mathematical Society,
Providence, R.I. 2012.
[7] F. Lübeck, Online data for groups of Lie type,
(http://www.math.rwth-aachen.de:8001/∼Frank.Luebeck/chev).
[8] G. Malle and D. Testerman, Linear Algebraic Groups and Finite Groups of Lie Type, Cam-
bridge University Press, Cambridge, 2011.
[9] G. Robinson, The number of p-blocks with a given defect group, Journal of Algebra, 84:2
(1983), 493-502.
14 SPENCER GERHARDT
[10] G. Robinson, Involutions, weights and p-local structure, Algebra and Number Theory, 5:8
(2011), 1063-1068.
[11] R. Wilson, P. Walsh, J. Tripp, I. Suleiman, R. Parker, S. Norton, S. Nickerson, S. Linton, J.
Bray, R. Abbott, ATLAS of Finite Group Representations - Version 3,
(http://brauer.maths.qmul.ac.uk/Atlas/v3/).
Department of Mathematics, University of Southern California, Los Angeles, Cal-
ifornia 90089-2532
E-mail address: sgerhard@usc.edu
